The stability theory for homogeneous fluid&d beds presented earlier is reviewed. This theory is based on the concept of the elasticity of the bed structure as a consequence of interparticle forces. It is shown that this theory explains the effect of gas viscosity and gravity. It is further shown that the elasticity modulus is increased by gas adsorption to the solid surface at elevated pressure and, thus. explains the effect of gas pressure on bed expansion. The theory is compared with experimental results obtained with fluidization of fresh cracking catalyst and polypropylene by different gases and at gas pressures up to 15 bar. It is further shown that the elasticity modulus can be used to correlate bed expansion and bubble size during heterogeneous fluidization. The stability theory of Foscolo and Gibilaro is criticized and rejected on the basis of serious mistakes made in their theoretical derivation.
INTRODUCTION
The original stability theories (Jackson, 1963; Pigford and Baron, 1965) were of a purely hydrodynamic conception of the fluidized bed and assumed that during fluidization the particles are free floating, and hence denied the possibility of interparticle forces. The outcome of these theories was that the fluidized bed would always be unstable as soon as the superficial gas velocity exceeded the incipient fluidization velocity. In the years around 1975 we published a series ,of papers on the effect of interparticle forces on the stability of a homogeneous gas-fluidized bed of fine solids (Rietema and Mutsers, 1973, 1975; Mutsers and Rietema, 1977a, b, 1978) . These papers were a further elaboration of a short communication by Rietema (1973) .
The basic idea was that as a consequence of interparticle forces an elasticity term should be introduced in the momentum equation of the solids. This elasticity term was proposed to be E(&/lah), where E is the elasticity modulus of the bed (measured in N/m'). It is the mathematical representation of forces which result in the occurrence of dynamic waves in the particle bed. As long as the dynamic wave velocity exceeded the velocity with which a disturbance in the fluidized powder bed moves up the disturbance would be damped out and the bed would remain stable (Wallis, 1969) . This theory led to a mathematical criterion which indicated that the bed will be stable when 5 < [ ;;%':;;;l'.
At the bubble-point velocity when E = E,,,* the equality would hold. This theory was received with much scepticism (Lockett and Gunnarsson, 1973; King and Harrison, 1982; Clift, 1985; Foscolo et al., 1985) , ' Author to whom correspondence should be addressed. to march theory* with experimental truth could conveniently be obscured, thus adopting a role more therapeutic than scientific". Hence, researchers on fluidization kept seeking a criterion based solely on hydrodynamics (Verloop and Heertjes, 1970, Oltrogge, 1972) . The latest attempt in this direction is that of Foscolo and Gibilaro (1984) , some 6 years ago. K. RIETEMA and titles is fluidized and two vertical electrodes are submerged in the bed the bed has a considerable electrical conductivity during all the fluidization stages (Fig. 1) . This is only possible when the particles stay in contact with each other during fluidization and hence can act as attraction and friction forces on each other.
It has been suggested that this conductivity could be also caused by frequent collisions between otherwise free floating particles. A simple analysis (see Appendix 1) shows that in this way the conductivity would be a factor of 106 too small.
The tilting bed
That interparticle forces are real in a gas-fluidized bed is most clearly demonstrated by the tilting bed ( Fig. 2 ) (Rietema and Mutsers, 1973). When a homogeneously fluidized bed is tilted over a horizontal axis it remains stable until a critical tilting angle a, is reached at which the bed surface suddenly shears off. This critical tilting angle depends on the degree of bed expansion and, of course, also on particle size and particle density (Fig. 3) .
This experiment clearly demonstrates that the homogeneously fluidized bed maintains a mechanical structure of a certain strength, caused by a network of interparticle contacts. The greater is the bed expansion the weaker is the mechanical structure.
The surpressure at incipient jluidization
At full fluidization the pressure drop over the bed is equal to W/A, where W is the weight of the bed, and A is the cross-sectional area of the bed. At increasing gas velocity this pressure drop is first reached at incipient H. W. PIEPERS fluidization. Just beyond incipient fluidization the pressure drop increases even above this value, the difference being called the surpressure. At the same time the bed is prevented from expanding and is kept in the packed state. This is caused by the forces with which the particles act upon each other and on the wall of the bed container (Fig. 4) .
With further increase in the gas velocity a point is reached where these forces are not sufficient anymore, where the bed will suddenly expand while at the same time the surpressure is strongly reduced.
STABILITY THEORY
From the theory of Wallis (1969) it is clear that the stability of a homogeneously fluidized bed is only possible if that bed has an intrinsic elasticity of sufficient strength to damp out possible perturbations that may arise from the outside in the otherwise uniform structure of the bed.
This means that due to that elasticity a force is generated by the bed structure which is proportional to the concentration gradient of the dispersed particles and directed opposite to this gradient. Hence, this force tries to restore the original structure of the bed when a perturbation passes. In a fluidized bed disturbances of the uniform concentration distribution will always move up and are called continuity waves (Wallis, 1969). Their propagation velocity V, is given by the equation When such a continuity wave passes in a bed with an intrinsic elasticity the elastic force generates dynamic (elastic) waves with a propagation velocity of where E is the elasticity modulus of the elastic medium.
When the elastic force is strong enough V, will be larger than V, and the disturbance will be damped out. When V, < V, the disturbance will grow and the bed become unstable. The maximum stable bed expansion, therefore, is found when V, = V,. Using this result gives, for the elasticity modulus E:
With the relationship u, = (P, -P&d;:
the stability criterion can be further elaborated:
The problem is, of course, what is the origin of the elasticity. According to the theory of Rietema and Mutsers this origin is to be found in the interparticle forces which in turn have their origin in the wellknown van der Waals forces. These were first quantified by London (1937) and afterwards by Lennard-Jones (1937) . According to the latter the potential between two interacting molecules is given by (7) where r,, is a characteristic parameter of the molecules (in m) and C,, is the London-van der Waals constant (in Jm"), while r is the distance between the two molecules. When this potential is integrated over all molecules of two interacting particles [applying the integration method of Hamaker (1937)] we get the total molecular energy of the system:
where A, is the Hamaker constant, d = d,dJ(d, + d2), where d, and d2 are the diameters of the interacting particles, and z is the shortest distance between them. By differentiating eq. (8) with respect to z the interaction force Fi is found. In dimensionless notation with [ = z/r,, +In the derivation of the original bubble point criterion the gas density was neglected. When this is no longer allowed the equations should be modified as indicated in eqs (5) and (6).
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For more details one is referred to Part II. 4 is shown as a function of < in Fig. 5 from which it is clear that there is an elastic range where 4 and hence Fi increase as the distance between the particles increases. When the distance exceeds, however, the value z, (corresponding to c,,,) the external force will cause the contact to be broken. The problem is even more complicated when the interacting particles are not rigid but elastic themselves, and hence can be deformed. Further complication is caused by gas adsorption [see Cottaar and Rietema (1986) ]. These theoreticai considerations are all the subject of Part II.
On the basis of the above it is justified to put in a first approximation for an expanded powder:
where F,,, is the elastic force per unit cross section in the powder at height h, and E,, is the porosity at the same height, while E, is a reference porosity, and E is the elasticity modulus.
At the height h + Ah:
F e,h + Ah = '%h + Ah -Eo)
and, hence, it is found that per unit volume of the dispersed system the net force is E(&/%) and thus satisfies the requirement of Wallis (1969) that this force should be proportional to the concentration gradient of the solids and directed opposite to this gradient.
It must be stressed that the elasticity modulus E is not a constant but depends on the porosity. It is determined by the forces at the contact points between the solid particles and the number of contact points per particle (generally called the coordination number). This coordination number decreases with increasing porosity (see Part III).
In a small range of the porosity, however, E will not change as long as the elasticity yield stress is not exceeded and contact points are not broken. Hence, in such a range eq. (10) holds and shows indeed that on increasing the porosity within this range the elastic force Fe_, will increase also. This means that when slowly increasing the fluidization gas velocity the local porosity will increase in small steps (e.g. As = 0.002) while during each step E will remain constant. At the end of each step one or more local contacts between particles will be broken and the local bed structure will be rearranged.
Of course, this will not happen anywhere at the same time but such a rearrangement will be spread at random over the total bed and in time. This results in a nearly continuous increase in the total bed height.
In the mathematical analysis of the problem the elastic force was introduced in the momentum equation of the dispersed solid phase which is now
where od is the velocity of the solid phase, and F is the slip force with which the dispersed phase acts on the continuous gas phase. F = (ud -uc)/m, where V, is the linear gas velocity, and m is the so-called mobility of the solid phase. Together with the momentum equation of the gas phase and the two continuity equations (one for the gas phase and one for the solid phase) and applying perturbation theory the critical circumstances under which a perturbation is damped out could be derived (Rietema and Mutsers, 1973; Mutsers and Rietema, 1977a) and, indeed, resulted in the already mentioned stability criterion. At the maximum stable bed expansion with porosity E,,, (just no bubbles) the following equality holds:
Measuring E,,,~ and u,,,~, therefore, makes it possible to determine at this porosity the elasticity modulus E,,.
When the same particle system is fluidized with a gas with a higher viscosity a higher maximum stable bed expansion can be reached and thus by fluidizing with different gases with different viscosities the dependence of E on the porosity can be determined. In this way it was found (see Fig. 12 ) that this dependence could be well described by
where E, is the value of the elasticity modulus E at porosity z,, and b is a numerical constant. Foscolo and Gibilaro (1984) also recognized the necessity of elastic waves for stability but they reject the influence of interparticle forces. Instead, they seek the origin of elastic waves in hydrodynamics. This is remarkable since from the momentum eq. (11) of the solids, but without the interparticle forces, no elastic force can be derived.
They did a mental experiment with a movable frictionless piston as the gas distributor. When this piston is moved up by means of an outward force the bed at the bottom is compressed and subsequently this compression wave moves up through the bed. They stated that this is an elastic wave with a propagation velocity of v,=dp
They also assumed that to ensure stability of the fluidized bed lf, must be larger than the propagation velocity V, of the continuity waves. In their elaboration of the elastic wave velocity V, they assumed that the hydrodynamic force imparted to the particles is dependent on the concentration gradient. For the relationship between the superficial gas velocity and the voidage in the bed they used the equation of Richardson and Zaki (1954) :
Finally they arrived at the following criterion: The statement of Foscolo and Gibilaro that the compression wave in their mental experiment is an elastic wave, however, is not correct. It is just a perturbation induced by an outward force and not the consequence of an intrinsic property of the system. In contradiction to elastic waves this compression wave does not move in two directions (up 1977b, 1978) . For that purpose they made use of a so-called "human centrifuge" at the National Aerospace Medical Center, Soesterberg, Netherlands. This apparatus was originally constructed for the testing and training of air pilots to cope with variations in the apparent gravity.
Two powders were investigated, spent cracking catalyst and polypropylene, while both hydrogen and nitrogen were used as fluidization gases. The apparent gravity was varied by a factor 3. The fluidized bed was mounted in the cabin of the human centrifuge. This cabin was rotated on a radial arm of about 2.5 m. A videocamera was also mounted in the cabin to observe the fluidization behaviour of the powders. For more details, see Mutsers and Rietema (1977b) . At each set of conditions the bubble point porosity E,,,~ was determined.
To compare the results with the theory the elasticity modulus for each powder was assumed to be a function only of the porosity. In Figs 6 and 7 the experimental results are plotted vs gJg, where ge is the apparent gravity constant. The theoretical relation is shown in Figs 6 and 7 as well. Gibilaro et al. (1986) also used the results of Mutsers and Rietema to test their theory. In Figs 6 and 7 their theoretical predictions are also given. For the spent cracking catalyst-nitrogen system their theory shows a good agreement with the experiments. For the polypropylene-nitrogen system, however, the agreement is rather poor and their theory gives a far too strong effect of gravity. For the two systems with hydrogen as the fluidization gas the discrepancy with the theory of Foscolo and Gibilaro is really very serious and strongly suggests that this theory is wrong. As a whole the theory of Rietema and Mutsers fits the experiments much better. , 1982; Guedes de Carvalho and Harrison, 1975; Crowther and Whitehead, 1978) that the maximum homogeneously fluidized bed expansion increases considerably with increasing gas pressure. This was confirmed in our laboratory at Eindhoven by experiments carried out by Piepers ef al. (1984) . The increase in bed expansion also depends on the type of fluidization gas used; with hydrogen as the fluidization gas this increase was hardly perceptible (see Fig. 8 ) and this suggests that the phenomenon is related in one way or another with the gas density. As remarked by King and Harrison (1982) it seems that this effect of the gas pressure or gas density cannot be explained by the theories known at that time. However, at the fluidization conferences at Cambridge in 1978 it was already suggested by one of us (Mutsers and Rietema, 1978) that gas adsorption on the surface of the solids might increase the cohesion forces between the solid particles and, hence, also that the elasticity modulus will increase with increasing gas pressure.
This does not seem unreasonable as both interparticle forces and gas adsorption have their origin in the van der Waals forces. At Eindhoven experimental evidence of this possibility was found with a specially designed tilting bed (Piepers et aE., 1984) which could be operated at increased gas pressure up to 10 bar. With this apparatus the yield curve of powders could be determined.
The powder used was fresh cracking catalyst always at a porosity of 40% while argon was used as the fluidization gas. In order to come as close as possible to the shear stress at zero normal stress a very small bed height of only 0.02 m was chosen, while, in order to reduce the normal stress CT, at the bottom even further, an upward gas flow was applied at a velocity just below the incipient fuidization velocity. By varying this gas velocity the normal stress could be varied, while the corresponding shear stress could be measured by tilting the bed until shearing off occurs. Gases: (I) H,, (a) N,, (0) Ar.
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curves found are given in Fig. 9 . From these curves it follows clearly that the cohesion constant ( = shear stress at o, = 0) increases with gas pressure. A theory on interparticle forces and on the effect of gas pressure on these forces was recently published by Cottaar and Kietema (1986) . Their theory starts from the van der Waals forces between separate molecules as formulated by the Lennard-Jones potential. They could show that indeed--depending on the gas-solid system-the cohesion between particles could increase by a factor 2 or 3 for gas pressures up to 10 bar.
In dimensionless notation Cottaar and Rietema's theoretical cohesion is plotted in Fig. 10 vs the  cohesion constant as determined by the tilting-bed  method. A remarkably good correlation between the two can be observed.
CORRELATION WITH GAS DENSITY
In order to investigate the effect of gas pressure on expansion of the homogeneously gas-fluidized bed experiments were carried out with two powders, fresh cracking catalyst and polypropylene powder. The physical properties of the powders are given in Table   1 . These powders were fluidized with different gases (see Table 2 220 ization gas was continuously recycled after passing through a dust filter. Two expansion vessels were part of the gas circuit to damp out small pressure fluctuations caused by the gas pump. When changing over from one gas to another the whole equipment was evacuated 3 times with subsequent refreshing of the gas phase. From a graph of the bed height against the superficial gas velocity the bubble point velocity u,,,~ and the maximum stable bed height H,, were determined (Fig. 11 (H,Ap,,g) .
The corresponding elasticity modulus E,, was calculated from eq. (12).
It was assumed that the function E, can be conceived as the product of two independent functions, one: f,(E) = Emb = ES0~-'5('-b-0.50)
describing the dependency on porosity, and the other, f2(pa), describing the dependency on the gas density. The first function, fi (E), was derived experimenally at a pressure of 1 bar by applying different gases so that the critical bed expansion varied, assuming that at a pressure of 1 bar gas adsorption plays a negligible role (see Fig. 12 ). By applying eq. (16) the experimentally derived E,, was converted into the corresponding elasticity modulus Es0 at a porosity of 0.50 (see Tables 3 and 4) . Thus, E,, probably is a measure for the forces acting at the contact points between the particles, while the porosity dependence is determined by the number of contact points per unit volume of dispersed phase.
In Fig. 13 the calculated values of E,, are plotted Fig. 13 seems to suggest that the amount of gas adsorbed increases with the gas density.
vs the gas density for all six gases and all gas pressures. There appears to be a nearly linear relationship between E,, and pB which is characteristic for the fresh cracking catalyst used in the experiments. It is determined by the physico-chemical interaction of the solid with the surrounding gas. The relationship shown in
The results of the experiments carried out with polypropylene elaborated in the same way by means of eq. (16) are also indicated in Fig. 13 . The characteristic curve of this solid is clearly dimerent from that of fresh cracking catalyst.
It must be realized that these characteristic curves have been determined at room temperature. Since physical adsorption of gas on to solid surfaces generally decreases at increasing temperature, we expect that the characteristic curves will also depend on temperature.
HETEROGENEOUS FLUIDIZATION The foregoing theory concerns, of course, only the case of homogeneous fluidization. As nearly all applications of gas-solid fluidization, however, are in the region of heterogeneous fluidization one might wonder what the practical significance of the theory could be.
In heterogeneous fluidization the dense phase is frequently disturbed by passing bubbles, but will be stabilized again if the relaxation time rr of a disturb-ance is short enough, i.e. short compared to l/f when f is the bubble frequency.
From the stability theory (Rietema and Mutsers, 1973; Mutsers and Rietema, 1977a) it follows that the rate of decline of a disturbance is given by-e-"', where
where V is the propagation velocity of the disturbance. As V might have any value between V, and V, is r 0.
The effect of interparticle forces on the stability of gas-fluidized beds-1 1635 As an example we consider the situation for the cracking catalyst-argon system at a pressure of 1 bar. It follows that the relaxation time for a disturbance with a propagation velocity only a fraction larger than V,--say V = 0.0106 m/s-is already -E 0.06 s while the relaxation time decreases fast when the propagation velocity further increases. When, for example, V 2 0.0120 m/s r, -C 0.005 s. Hence, it can be concluded that between two bubble passages the dense phase may be considered to be completely stabilized.
In the same apparatus as described before experiments were carried out with fresh cracking catalyst at higher superficial gas velocities so that most of the gas passed through the bed as bubbles. Table 5 . From Table 5 it follows that the higher the E,, the smaller the bubbles. At higher E,, the dense-phase porosity increases and hence the cohesion of the dense phase decreases. This causes bubbles, which have become too large, to split sooner into smaller bubbles. That at higher dense-phase porosity bubbles remain of smaller size has also been noticed by other authors (Abrahamson and Geldart, 1980b ; King and Harrison, &980; Weimer and Quarderer, 1985).
In Fig. 14 the average bubble size and in Fig. 15 the dense-phase porosity have been plotted vs the product of E,, and the gas viscosity p. These plots show remarkably good correlations.
The effect of gas viscosity seems rather surprising. There are, however, two possible explanations: other bubbles. This coalescing is preceded and n initiated by the coalescence of the bubble clouds P when the bubbles have approached each other close enough. At higher gas viscosity, however, the size of the clouds decreases and, hence, it can be expected that this coalescing of the clouds does not come into effect before the bubbles have approached each other more closely. This means that at a higher gas viscosity the rate of coalescing is smaller and hence the bubbles on average are smaller.
The two effects, one on the average bubble size and the one on the dense-phase porosity, both increase the mass transfer from the dense phase to the bubble phase and therefore seem to be of the greatest importance for the operation and design of fluidized-bed reactors.
The experiments prove that the elasticity quantified by the elasticity modulus E is a real and significant property of the powder bed which has its import both on homogeneous and heterogeneous fluidization. It is related directly to the interparticle forces.
The theory of Gibilaro (1984, 1987 ) is based on wrong premises and on a serious mathematical mistake as shown in Appendix II.
A final remark should be made: pure elastic deformations are always reversible and happen without energy dissipation. In hydrodynamics, however, flows and movements are always accompanied with energy dissipation. From these considerations it can simply be concluded that on the basis of hydrodynamics elastic forces do not exist. We consider a suspension of free floating conductive particles in an electrical field between two vertical electrodes. Each pair of two neighbouring particles is conceived as a capacitance. The capacity of a condenser existing of two parallel electrodes at a distance 1 is
where A is the surface are a of the electrodes. In the case of the condenser existing of two neighbouring particles the effective area A, = nd:/4 and the effective distance is estimated to be I = sdJ4.
Hence the capacity of a pair of particles becomes
We now consider a string of n particles in the direction of the lines of force, and hence in the direction perpendicular to the electrodes. The capacity of this string C,, which arises through the cascade of particle capacities in the string, is given by c.3.
n If Av, is the potential difference between the two electrodes, and L is the distance of these electrodes, then the potential difference A V, over the string is At', = AI+ By induction from the electrical field there arises on each particle of the string at one side a charge 4. and on the opposite side a charge -q., where 4" = C"av,.
n When in the string there occurs a collision between two neighbouring particles the number of capacities in the string decreases from n to n -1 and hence the charge increases from C own-,=eAK.
Hence an electric charge flows equal to
When there is a time At between two collisions there arises a small electric current i.:
Suppose the number of collisions per particle and per second in the particle bed is m. Then the number of collisions per second in a string of n particles becomes nm, and the time At between two collisions in the string is At = l/nm. When per unit cross-sectional area there are N particles and hence N parallel particle strings the electric current density i= Ni, and the electric current through the electrodes becomes I = Ni,A.
With WI = u,/dp and N = (1 s)/d: we obtain, after substitution of C, and A I',:
With E = 0.5, A = 10-s ml, U, = 10e2 m/s, L = 10-l m, d, = lo-" m and AV, = 20 V, we obtain I c 0.5 x 10m9 A. This is a factor of lo6 smaller than the measured electrical current through the particle bed (see Fig. 1 ).
APPENDIX 2: THE THEORY OF FOSCOLO AND GIBILARO
In a more recent paper Foscolo and Gibilaro (F f G) (1987) present a seemingly more exact derivation of the same result as in their paper of 1984. They express the net force,J (comprising gravity, buoyancy and drag), acting on a single particle as follows:
They now propose an extra force operating on what they call an upper layer of the packing. This force would be due to a porosity gradient around this layer. Whenfis the force on a single particle, this extra force on the whole layer then becomes
642)
where N, = [4(1c)]/nd: is the number of particles in a layer. F + G suggest that this extra force is an elastic force which therefore resists any disturbance that might occur in the packing.
Let alone that N, depends also on the porosity and hence should also belong under the differential operator it can easily be recognized that this extra force is not an elastic force but, on the contrary, will amplify any disturbance in the packing.
In the upper part of the disturbance shown in Fig. Al  a&/ ah is positive. @-/as of course is negative and hence the extra force is directed downward, which will cause a downward movement of the solids in this upper part of the disturbance. In the lower part just the opposite will happen and hence this disturbance will be intensified (see dotted line). On elaborating eq. (A2) from eq. (Al) (f= 0 for E = E,) it is found that -P&&Al --dbp -&I ;. 643) F + G now put prVd2 = t C3.2&,(1 -a,)& -P,)I (A4) and add this force to the general interaction force F but erroneously without the minus sign.' Next they introduce these forces in the momentum balance of the solid phase.
After linearization of the continuity equation and the momentum balance of the dispersed phase they find that g -(1 -co)% = 0
(1 -so)2 + B[(l -&,)Q + Vc&'] I & = 0. 646) 'Apart from the criticism of the original paper of (F + G, 1984) on this subject that we have already formulated in paragraph 3, F + G also make a serious error in this paper. In their eqs (25) and (27) for the additional force they also loose a minus sign. Equation (25) should read where pi., is the disturbance in the "equilibrium" gas pressure resulting from the bed compression. By differentiating eq. (A5) with respect to t and eq. (A6) with respect to h and combining these equations to eliminate v,,, they finally obtain the single equation for voidage pexturbation in the bed, which is the same as ours and that of Wallis (1969):
-f
From eq. (A7) it follows that there will be stability at all porosities for which V, > V,.
As said already F + G have lost the minus sign in eq. (A3). This would mean that the sign should be reversed at all places indicated by an arrow ( 1) in eqs (A4), (A6) and (A7). In the correct eq. (A7) the minus sign would have become a plus sign with the consequence that there will be instability at all porosities above the packed-bed porosity!
